It is known that geometric properties does not play a role in the asymptotics of the eigenvalues of the Laplacian restricted to thin Dirichlet deformed tubular regions. In this work it is shown that, by properly scaling geometric properties of the tubes, a limit where the geometry is on equal footing with the deformation function is obtained; such result gives an indication of how subtle confining limits can be.
Introduction
The confinement of quantum particles has been studied in several situations [1, 3, 4, 5, 6, 7, 8, 9, 10, 15, 14] , and a common procedure is to consider this particles in certain regions of the space R 3 or the plane R 2 , which are naturally modeled by the Dirichlet Laplacian. In space it is common to consider tubular domains constructed in the following form. Let I ⊆ R be an interval and S an open, bounded, simply connected and nonempty subset of R 2 . Consider the domain Ω generated by the cross section S which rotates along a curve r : I → R 3 parametrized by arc-length x. Let k(x) and τ (x) denote the curvature and torsion of r(x) at the point x, respectively. At each point x the cross section S is rotated by an angle α(x). A situation of interest is to study what happens when the region Ω ε is squeezed to the curve r(x), i.e., one considers the sequence of tubes generated by the cross section εS and analyzes the behaviour of certain operators in the limit ε ↓ 0. This procedure is a typical instance of reduction of dimension.
Potential applications of such confining limits include electronic motion in nanostructures, particularly in quantum wires and carbon nanotubes (see, for instance, [16] ), the quantum studies of the motion of valence electrons in aromatic molecules [2] , and studies of quantum graphs [11] , in which the limiting dynamics to a graph is expected to be described by an effective Schrödinger operator. The results of this article give an indication of how subtle such confining limits and effective operators can be.
Let −∆ ε be the Dirichlet Laplacian in Ω ε , that is, its domain is the Sobolev space H 1 0 (Ω ε ). If I is a bounded interval, then −∆ ε has compact resolvent and consequently its spectrum is discrete. Considering this case, in [3] it was analyzed the convergence of the eigenvalues {λ ε i : i ∈ N} of the problem
and shown that λ 
and µ i the eigenvalues of the one-dimensional operator
acting in L 2 (I). C(S) is a non negative constant that depends on S. For unbounded tubes this situation is more delicate. For such tubes, in [14] it is shown that if (τ + α )(x) = 0 and k(x) = 0, then the discrete spectrum is nonempty, whereas if (τ + α )(x) = 0 and k(x) = 0, then the discrete spectrum is empty. In [5] , by using Γ-convergence, a strong resolvent convergence was proven and the same action (3) for the respective effective operator (now acting in L 2 (R)) was found as ε → 0. By the following modification of the boundary ∂Ω ε (which has been called a deformed tube), it is possible to ensure the existence of eigenvalues for problem (1) for both bounded and unbounded tubes. Let J = [−a, b], 0 < a, b ≤ ∞ and h(x) > 0 be a continuous function satisfying (if J is unbounded, for simplicity we suppose J = R):
(ii) near the origin h behaves as
and x = 0 is a single point of global maximum for h;
Again, let r(x) be a curve in R 3 parametrized by its arc-length x. In [7] it was considered the sequence of tubes generated by the cross section εh(x)S that rotates along r(x). It was shown that, for ε small enough, the discrete spectrum of the Laplacian is always nonempty and its eigenvalues λ j (ε) have the following behaviour
where µ j are the eigenvalues of the operator in L 2 (R) (it acts on a subspace of L 2 (R), independently if the interval J is bounded or not) given by
In this circumstance, T has been called weakly effective operator. Note that, in such situation, there is a competition between the tube deformation, represented by the function h, and the curvature, rotation and torsion of the reference curve r. The main contribution of [7] was the proof that the effects due to the tube deformation predominates so that the geometric quantities k, τ, α do not contribute to the weakly effective operator (5) in the limit ε → 0.
It is a natural question if there are any particular situation where, even in the presence of tube deformation, such geometric features actually contribute to the effective operator. To present an affirmative answer to this point is the main goal of this work. We will combine the above construction with appropriate scaled geometry, as described in the sequel. In this vein, new families of effective operators and asymptotic limits of the Dirichlet Laplacian eigenvalues are obtained. For this, it is convenient to recall results of [1, 4, 8] , where the authors have analyzed the problem of approximating a smooth quantum waveguide by a quantum graph.
In [1] it was considered a planar curve with compactly supported curvature k(x) (which is nonzero only near x = 0) and a strip of constant width around the curve. It was constructed a sequence of strips depending on ε > 0 and whose curvature of each strip is rescaled of the form
where δ = δ(ε) and δ(ε) → 0 as ε → 0. Thus, the strip can be approximated by a singular limit curve consisting of one vertex and two infinite, straight edges, i.e., a broken line. The continuations of the half-lines to the left and to the right of that support joint at the origin with an angle θ; this angle is exactly the integral
The problem is reduced to the study of the sequence of one-dimensional operators
It turns out that details of the limit δ → 0 depend on a possible resonance of the operator (Hu)(x) = −u (x) − k 2 (x)/4u(x) at zero or not [1, 4] . A similar situation was considered in [5] , but for tubular regions in space; the curvature, torsion and the speed of the rotation angle α were compactly supported in (−1, 1) and scaled as
δ = δ(ε) → 0 as ε → 0; condition (6) was also assumed to hold. The problem was again reduced to a sequence of one-dimensional operators [5] (
In this work we combine different situations: we consider the sequence of tubes Ω ε defined at the beginning of this introduction, but we multiply its boundary ∂Ω ε by the deformation function h(x) (satisfying (i), (ii) and (iii) above), and simultaneously rescale the curvature, torsion and rotation angle as in (7) . Specifically, we consider δ(ε) := ε 1/2 . Thus, we shall obtain a new sequence of tubes which we denote by Λ ε (details appear in Section 2), and we study the spectral problem
We will show that, for ε > 0 small enough, this problem admits eigenvalues and we find an asymptotic behaviour for them. Our main result may be stated as follows:
Theorem 1. Assume that conditions (I) and (II) (see Section 3) hold true.
denote the eigenvalues of the Dirichlet Laplacian −∆ ε in the deformed tube Λ ε , then, the limits
exist, where µ j are the eigenvalues of the self-adjoint operator T acting in L 2 (R), whose action is
Theorem 1 shows that appropriate rescaled curvature, torsion and rotation angle result in a weakly effective operator that depends on such geometric properties, as well as on the deformation function h.
In Section 2 we present a detailed construction of the sequence of tubes Λ ε . Our main tools rely on a study of the sequence of quadratic forms
in the next sections it will become clear the technique used and why we subtract terms of the form ν 0 /ε 2 M 2 from the quadratic forms. In Section 3 we also perform a series of change of variables to simplify calculations and, among them, a change so that the integration region and the corresponding domains of (9) remain fixed. In Section 4 we show that the analysis can be restricted to a specific subspace and we will see that this subspace can be identified with the Sobolev space H 1 (R). In Section 5 we complete the proof of Theorem 1, whereas some technicalities are presented in Appendix A. Our results can be adapted to include more general deformation functions (as discussed in [9, 10] ), such that near the unique global maximum at the origin they behave as
for some positive numbers M, m, c ± . For simplicity, in Eq. (4) we have chosen m = 2 and c + = c − = 1.
Remark 1. For bounded intervals
it is also possible to consider the Laplacian in Λ ε but with Neumann condition at the vertical part of the boundary ∂Λ ε , that is, ({−a} × S) ∪ ({b} × S)} (with Dirichlet condition otherwise), and the same conclusions of Theorem 1 are found. We will not discuss the proof here, since it can be adapted from the proof of Theorem 1 and ideas discussed in [10, 7] .
Remark 2. A word on geometric interpretations. Theorem 1 gives the asymptotic behaviour of the eigenvalues of the Laplacian inside our tubes as ε → 0. If both τ (x) and α (x) are null functions, with k(x) = 0, then our curve is planar and approaches a broken line with the half-lines joined with angle θ as in (6) . In case τ (x) is not the null function either, then for small ε > 0 the curve is approximately described by the same broken line as before, but the plane containing both half-lines rotates with angular velocity diverging as ε → 0 (thus, up to rotations we again have a broken line). We have found no particular interpretation in case α (x) = 0.
The tubes
Let r : I → R 3 be a simple C 3 curve in R 3 parametrized by its arc-length parameter x. The curvature of r at the position x is defined by k(x) := |r (x)|. We choose the orthonormal triad of vector fields {T, N, B}, called the tangent, normal and binormal vectors, respectively, moving along the curve and given by
To justify the construction (10), it is assumed that k > 0, but if r is a piece of a straight line (i.e., k = 0 identically in this piece), one can choose a constant Frenet frame instead. It is possible to combine constant Frenet frames with the Frenet frame (10) to include other types of curves, for instance, curves with k > 0 only on a compact interval of values of x (and so obtaining a global C 2 Frenet frame; see [13] , Theorem 1.3.6).
In each situation above we assume that the Frenet frame exists and that the Frenet equations are satisfied, that is,
where τ is the torsion of r, actually defined by (11) . Now we rescale the curvature and torsion defining
Let r ε (x) ∈ R 3 be the curve corresponding to k ε and τ ε . We denote by T ε , N ε and B ε the tangent, normal and binormal vectors of the curve r ε , respectively. Let α : I → R be a bounded C 1 function so that α(0) = 0. For each ε > 0 we consider the function α ε : I → R so that its derivative is scaled as
Let S be an open, bounded, simply connected and nonempty subset of R 2 , and let h(x) be the deformation function presented in the introduction of this work. For ε > 0 small enough and y = (y 1 , y 2 ) ∈ S, write
and consider the domain
where
This tube Λ ε is obtained by putting the region εh(x)S along the curve r ε (x), which is simultaneously rotated by an angle α ε (x) with respect to the cross section at the position x = 0. In this work we study the behaviour of a free quantum particle that moves in Λ ε , and with Dirichlet condition at the boundary ∂Λ ε . Thus, we initially consider the family of quadratic forms
which is associated with the Dirichlet Laplacian operator −∆ ε in Λ ε . The symbol ∇ = (∂ x , ∇ y ), with ∇ y = (∂ y 1 , ∂ y 2 ), denotes the gradient in the coordinates (x, y 1 , y 2 ) in R 3 . Sometimes we denote ∂ x ψ simply by ψ .
Changes of variables
In this section we first perform a "traditional" change of variables so that the integration region in (14), and consequently the domains of the quadratic forms, become independent of ε > 0. For the singular limit ε → 0, customary "regularizations" will be employed. In this process we propose here additional change of variables we have found handy for the specific problem we consider in this work; the final result is the expression for the quadratic form t ε at the end of this section. Consider the mapping
and suppose the boundedness k ∞ < ∞. This condition is to guarantee that f ε will be a diffeomorphism for small ε. With this change of variables we work with a fixed region for all ε > 0; more precisely, in the new variables the domain of the quadratic form (14) turns out to be H 1 0 (I × S). On the other hand, the price to be paid is a nontrivial Riemannian metric G = G αε ε which is induced by f ε , i.e.,
Some calculations show that in the Frenet frame
where β ε (x, y) = 1 − ε 1/2 h(x)k x/ε 1/2 z αε , y , and
The inverse matrix of J is given by
Note that JJ t = G and det
Since k and h are bounded functions, for ε > 0 small enough, β ε does not vanish in I × S. Thus, β ε > 0 and f ε is a local diffeomorphism. By requiring that f ε is injective (that is, the tube is not self-intersecting), a global diffeomorphism is obtained.
Introducing the notation
we obtain a sequence of quadratic forms
More precisely, the above change of coordinates was obtained by a unitary transformation
However, we still denote U ε ψ by ψ.
Recall that ν 0 is the lowest eigenvalue of the negative Laplacian with Dirichlet boundary conditions in the cross section region S, and u 0 ≥ 0 the corresponding eigenfunction of this restricted problem. This eigenfunction u 0 is directly related to transverse oscillations in Λ ε . Due to this fact, in [3, 5] the authors have removed the diverging energy ν 0 /ε 2 from their quadratic forms. In our case, as the boundary of the tubes were multiplied by h(x), we shall subtract terms of the form ν 0 /(εM ) 2 , i.e., since 0 < h(x) ≤ M , for all x ∈ I, we eliminate the "least transverse energy" (a normalization).
Therefore, we turn to the study of the sequence of quadratic forms
where c is a positive constant to be conveniently chosen later on. After the norms are written out, we obtaiñ
where R is the rotation matrix 0 1
Consider the isometry
This change of variables and the division by the global factor ε 2 (a common singular factor due to the "change of dimension" as ε → 0) leads tǒ
with domť ε = H 1 0 (I × S) as a subspace of L 2 (I × S, β ε (x, y)). Now we consider an additional change of variables and so we get a quadratic form defined in L 2 (I × S). We consider the isometry
so that in the new variables the above quadratic form readŝ
and domt ε = H 1 0 (I × S) is a subset of L 2 (I × S). Observe that, beyond the change of variables, we have added and subtracted the term ν 0 /ε 2 h(x) 2 |ψ| 2 int ε . This will also be convenient later on. Now we are going to rewrite the second integral in the definition oft ε above. This step is very important because in this way the curvature will appear explicitly in the quadratic form. First observe that
because an integration by parts shows that
Finally, the quadratic formt ε can be rewritten aŝ
2 dxdy, and with domt ε = H 1 0 (I × S). By replacing the global multiplicative factors β ε by the constant 1 in the first, third and last integral in the expression oft ε , we arrive now at the quadratic form
dom t ε = H 1 0 (I × S). We add the condition h −1 ∈ L ∞ . If one chooses c so that k 2 ε /(4h 2 ) ∞ < c/ε, the quadratic formst ε and t ε become positive. LetT ε and T ε the selfadjoint operators associated witht ε and t ε , respectively.
Until now we only suppose that k, h −1 ∈ L ∞ (I). For the next results we are going to add the following hypotheses:
Theorem 2. Suppose that conditions (I) and (II) are satisfied. Then, there exist numbers C, C > 0 so that
for all ψ ∈ H 1 0 (I × S), and
for ε > 0 small enough.
Proof. First observe that there exists a number c 1 > 0 so that
for all ψ ∈ H 1 0 (I × S) (just take c > 0 large enough). Due to conditions (I) and (II) there exists C 1 > 0 so that
Thus, there exist numbers C 2 , C > 0 so that
for all ψ ∈ H 1 0 (I × S). This proves (16) . The proof of inequality (17) is similar to proof of Theorem 3.1 in [7] and will not be present here. Note that due to the scaled geometry the power on the right-hand-side of (17) is 1/2 in contrast to the power 1 in Theorem 3.1 in [7] .
The quadratic form t ε will be our starting point in the discussion of the dimensional reduction in Section 4.
Reduction of dimension
Recall that u 0 (y) is the positive and normalized eigenfunction corresponding to the first eigenvalue ν 0 of the Laplacian in H 1 0 (S). Let L be the subspace of L 2 (I × S) generated by all functions of the form w(x)u 0 (y), w ∈ L 2 (I). By considering the orthogonal decomposition
for ψ ∈ L 2 (I × S) we can write
with w ∈ L 2 (I) and η ∈ L ⊥ . Note that wu 0 ∈ H 1 0 (I × S) if w ∈ H 1 0 (I). Correspondingly, for ψ ∈ H 1 0 (I × S), write ψ = wu 0 + η with w ∈ H 1 0 (I) and η ∈ H 1 0 (I × S) ∩ L ⊥ . Now we are going to study the quadratic form t ε restricted to the subspace H 1 0 (I × S) ∩ L. Assuming conditions (I) and (II) in the previous section, for w ∈ H 1 0 (I) some long calculations (see Appendix A) show that
where C(S) is a constant that depends on S, g ε (x) → 0 uniformly as ε → 0; b ε (x), q ε (x) ∈ L ∞ (I) and there exists D > 0 so that b ε ∞ , q ε ∞ < D, for ε > 0 small enough, say 0 < ε < ε 0 for some fixed ε 0 . Put
and choose the constant c so that c/ε > max{ k 2 ε /(4h 2 ) ∞ , (E + 1)/ε} for some
for all ε small enough. Thus, for such values of ε one has
This inequality will be important ahead.
Taking into account the isometry
we may think of t ε restricted to L 2 (I), that is, t ε (w) := t ε (wu 0 ). The selfadjoint operator associated with t ε in L 2 (I) is
and the above choice of c implies that zero is not a spectral point of A ε .
Then, for ε > 0 small enough, there exists F > 0 so that
By noting that
for some δ > 0, the proof of Lemma 4.1 is similar to the proof of Lemma 2.1 in [9] and it will not be reproduced here. 
where 0 denotes the null operator on the subspace L ⊥ .
Proof. For ψ 1 , ψ 2 ∈ H 1 0 (I × S), denote by t ε (ψ 1 , ψ 2 ) the sesquilinear form associated with the t ε . Recall the decompositions (18) and (19), and let ν 1 be the second eigenvalue of the Laplacian in H 1 0 (S). We are going to show that, for 0 < ε < ε 0 , the form t ε satisfy the following conditions:
for some F > 0;
and for some L > 0,
so that the theorem follows by applying Proposition 3.1 in [10] . The statement of Lemma 4.1 is equivalent to
Thus, condition (22) is satisfied taking
and then,
and since ν 1 − ν 0 > 0 (recall that ν 0 is a simple eigenvalue), condition (23) holds true. The condition (24) is more delicate and is discussed in Appendix B.
Proof of Theorem 1
From now on we are going to study the sequence of operators A ε . For
introduce the family of segments
and the family of unitary operators
has purely discrete spectrum {µ c j : j ∈ N}, and it is essentially the operator T defined in the Introduction, which also has purely discrete spectrum {µ j : j ∈ N}. Observe that, for all j, one has µ j = µ c j − c.
Theorem 4. Assume conditions (I) and (II). If
where 0 is the null operator on the subspace L 2 (R\I ε ). If I = R,
Proof. We will rely on results in [9, 10] . Some calculations show that
where ρ(x) is a bounded function on any bounded interval. Observe that
with uniform convergence in each bounded interval. Since
the proof of the convergence (27) is similar to the proof of Theorem 1.3 in [9] , and the proof of convergence (28) to the proof of Theorem 5.2 in [10] .
Finally, the proof of our main result.
Proof. (Theorem 1) Let λ j (ε), l j (A ε ) and l j (Â ε ) denote the eigenvalues of T ε , A ε andÂ ε , respectively. Observe also that the nonzero eigenvalues of (A ε ) −1 ⊕ 0 are exactly the eigenvalues of (A ε ) −1 . Hence, by Theorem 4.10, page 291, in [12] and Theorem 3 we have
As l j (Â ε ) = ε l j (A ε ), by Theorem 4, it is found that
and, then,
For j ≥ 1, let D j denote a subspace of dimension j of L 2 (I × S). By the min-max Principle we can characterize the eigenvalues λ j (ε) as
with similar expressions for the eigenvaluesλ j (ε) of the operatorT ε . By (16) (see Theorem 2) we have
and by taking into account (31), we conclude that
Now recall that l j (ε) denote the eigenvalues of −∆ ε in Λ ε . Thus, sincê λ j (ε) = l j (ε) − ν 0 /ε 2 M 2 + c/ε, the equality (8) follows.
A The restriction of t ε to L
Here we restrict the quadratic form t ε , defined in (15) , to the subspace L in order to verify (20). First, observe that
Now we are going to analyze the first integral that appears in the definition of t ε . Some rather long calculations show that
where h (x) h(x) 2 dy.
We must call attention for some terms in the definition of m ε (x). First observe that 
